We explain the notation used in the theorem. Under the hypotheses, the principal vectors corresponding to λ form a smooth vdimensional distribution T λ on M whose leaves are umbilic submanif olds of M. On each leaf, λ is constant. f λ is the map from part of M onto the set of focal points arising from the principal curvature λ. Mi is the space of leaves of T λ which intersect the domain of f λ . The proof relies on the work of Palais [13] on foliations.
This theorem generalizes that of Nomizu [10] who proved a similar result for hypersurfaces in the sphere with constant principal curvatures. Because of the abundance of examples of such hypersurfaces, one can produce (through stereographic projection) many examples of hypersurf aces in Euclidean and hyperbolic space to which our theorem applies (see §3.c).
If λ has constant multiplicity one, then f λ (M) is not an (n -1)-dimensional manifold without additional hypotheses. This case is handled by Theorem 3.2 which is a generalization of the classical determination of conditions under which a sheet of the focal set of a surface in E z is a curve. (See, for example, Eisenhart [6, p. 310-314] .)
A key ingredient in the proofs of the above results is the computation of the rank of f λ . Our result in this area (Theorem 2.1) applies to submanifolds of arbitrary codimension.
The classical version of these theorems was used by Banchoff [1] and Cecil [3] in characterizing taut immersions of surfaces in E 3 . Applications of the results of the present paper to the classification of taut immersions of S k x S n~k into E n+1 may be found in our forthcoming paper [5] . !• Preliminaries. In this paper, all manifolds and maps are 28 THOMAS E. CECIL AND PATRICK J. RYAN taken to be C°° unless explicitly stated otherwise. The words "smooth" and "differentiate" are synonyms for C°° We will always be considering an immersion /: M -> M, but we will treat / locally as an embedding. Thus, we will often identify x with f(x) and suppress the mention of /. l*a* Space forms. We will assume that M is a real space form of dimension n + k. Thus M is a Euclidean space, E n+k , a sphere, S n+k f or a hyperbolic space, H n+k , which has constant sectional curvature 0,1, -1, respectively.
We will use the following representation for the hyperbolic space, H m (for more detail, see [7, vol. II, p. 268] where
Then iϊ m is the hypersurface, on which <, > restricts to a positive definite metric of constant curvature -1. Similarly, S™ is defined using the usual Euclidean inner product in R m+ι , that is, \Λ/, y / -/1 *ι> y , and on which <, > restricts to a metric of constant sectional curvature 1.
l b* Horizontal lifts* Let NM denote the normal bundle of M with natural projection %. Let s be a local cross-section of NM. We recall the fundamental relationship which holds for any X 6 T X M, for any x e M,
where F is the covariant differentiation in M t A is the shape operator determined by ξ -s(x), and F 1 is the connection in the normal bundle.
Let ξ 6 NM. A vector Z e T ξ NM, the tangent space to JYM at ζ, is said to be horizontal if there is a local section s of NM such that F λ s = 0 at x = ττ£, and ^ = s*X, for some Xe T X M. One can show that Z is uniquely determined by ξ and X. We will refer to Z as the horizontal lift of X to ξ f and denote this horizontal lift by Xξ ' Differentiation in horizontal directions on NM can be related to differentiation on M as follows. Let λ: NM-> R, ξeNM, x = πξ, and
XeT x M.
Then
where s is any local section of NM with £ = six), and F x s = 0 at α?. Assume now that ξ has unit length. The location of the focal points along a particular geodesic F(tξ) in M is determined by the sectional curvature of M, and the eigenvalues of A ζ as follows. PROPOSITION 
Proof. Statement (a) is well-known (see, for example, Milnor [8, p. 34] l e Sheets of the focal set* Proposition 1.1 demonstrates that the location of focal points is determined by the eigenvalues of A ξ where ξ is a unit normal vector to M. Thus, the natural domain of parametrization of the focal set of M is the bundle of unit normal vectors to M, which we denote by UN(M).
Let U be an open set in UN(M), and let λ: Z7-> R be a differentiable principal curvature of constant multiplicity v > 0. We define the focal map f λ :U~+ M by the following formulas where x = πζ, 
where < , > is the Euclidean inner product in E m+ι . Then stereographic projection from the pole q is the map P from S m -{q} onto E m defined by, l g Conformally related spaces* In this section, we note some facts about conf ormal diffeomorphisms which can then be applied to the specific case of stereographic projection.
Let
for all X and Y tangent to M at x.
For a submanif old M of M, let ζ be a local field of unit normals to M near x. Then ξ' = φ*(e~σξ) is a field of unit normals to φ(M) near φ(x), and the corresponding shape operators are related by
This relationship, obtained by a straightforward computation, yields as a consequence the following statement in the codimension one case. PROPOSITION 
Let M be a hypersurface in M and let X be a differentiable principal curvature of constant multiplicity.
is a differentiable principal curvature of the same constant multiplicity on φ(M), and the respective principal distributions of X and μ coincide on M.
2* The rank of f λ . As in §1, let M be an ^-dimensional smooth manifold immersed in a real space form M of dimension n + k. Suppose f 6 UN{M), and λ is an eigenvalue of A ξ . Let T λ (ζ) be the eigenspace of X. 
The proof is a rather long but straightforward computation which we leave to the reader. It may be broken down into four steps. First, one shows that n + k -v is an upper bound for the rank of f λ . Next, one shows that n + k -v -1 is a lower bound. Thirdly, one proves the following result which distinguishes the two possibilities. PROPOSITION 
The rank of f λ is n + k -v at ζ if and only if the range of (fχ)* contains
Finally, one proves that the respective conditions of Proposition 2.1 hold if and only if there is Xe T λ (ξ) such that X ζ XΦθ. Note that Proposition 2.1(a) generalizes the classical result that the normal to a surface is tangent to its evolute (focal set) when f λ has maximal rank.
The question answered by Theorem 2.1 can formulated in more general ambient spaces. Along normal geodesies, the occurrence of focal points is still related to the principal curvatures, but the curvature of the ambient space must be taken into account. Given sufficient homogeneity properties for M, however, one should be able to define f λ and compute its rank.
3* Focal sets of hypersurfaces* Let M be an orientable hypersurface of a real space form M. Let ξ be a global field of unit normals on M. The following result is basic to our discussion. See [14, p. 371-373] , for example, for a proof. If X has constant multiplicity one, then one cannot conclude that XX = 0 for Xe T x . Given the dependence of the rank of f x on XX as shown in Theorem 2.1, it is natural to consider the two cases v > 1 and v = 1 separately.
3*a* The case of multiplicity v > 1* Before we state the first proposition, we recall the following definition. A submanifold V of any space M is said to be umbίlic if for each x e V, there is a realvalued linear function ω on TϊV such that for any η, the shape operator B η of V satisfies the equation B η -(o(η)I, where I is the identity endomorphism on T X V. for some function μ on TF. This is possible since Γf is invariant under A, even though the eigenvalues of A need not be smooth. Let X 6 T x be a vector field on TF. Since ^ = 0 at x, one easily shows that F x Ze T x at x. Using equation (3.1) 
, the Codazzi equation (F X A)Y = (F Y A)X becomes (Xμ)Y -(YX)X + V X Z = (A -μI)V x Y -(A -Xl)V γ X .
Since V X Z 6 T x at x, one finds from the above equation that the Trcomponent of V X Y at x is Since (Aϊ, Y} = 0, this is also the Γrcomponent of V X Y, and one obtains thus proving that V is umbilic.
We now prove the main theorem of this section. In the statement below, Mχ is the space of leaves U/Tχ, where U is the domain of f x . THEOREM 
Let M be an orientable (immersed) hypersurface in a real space form M which is complete with respect to the induced metric. Let X be a differentiable principal curvature of constant multiplicity v > 1 on M. Then the focal map f λ factors through an immersion of the (n -v)-dimensional manifold M x into M. In this way, fx{M) is an immersed submanifold of M.
Proof. Since the leaves of T x are umbilic, T x is a regular foliation as defined by Palais [13, p. 13] and the space of leaves is an (n -v)-dimensional manifold in the sense of Palais, which may not be Hausdorff. Moreover, the computations involved in proving Theorem 2.1 show that (jQ* Ξ 0 on T x . Thus by [13, p. 25] , f λ factors through a map g x from the space of leaves M x =UjT x into M. Since rank g x -rank/* = n -v, g x is an immersion. Finally, the regularity of T λ implies that each leaf is a closed subset of M [13, p. 18] . Thus if M is complete, each leaf is also complete with respect to its induced metric (see, for example, [7, vol. I, p. 179] ). Hence each leaf which intersects U is a v-dimensional metric sphere in M. Because such leaves are compact, M x is Hausdorίf [13, p. 16] . This completes the proof of Theorem 3.1.
The following remark demonstrates that the assumption of completeness in Theorem 3.1 is necessary to guarantee that M x is a Hausdorff manifold. REMARK 
An example in which rank f x is constant but M x is not a Hausdorff manifold.
Let K be the envelope of a 1-parameter family of spheres of radius 1 in E z whose centers lie on the curve,
Then j(t) is the sheet of the focal set of K corresponding to the constant principal curvatures λ = 1. Let N be the intersection of K with the closed upper half-space, z ^ 0, with the points satisfying z = 0, x ^ 0 removed. Let M be the union of N with its reflection in the plane z = 0.
The leaf space M/Tχ is not Hausdorff since the two semi-circular leaves in the plane x = 0 cannot be separated in the quotient topology. This is consistent with the fact that the focal set,
is not a 1-manifold in a neighborhood of the origin. Nevertheless, the rank of f λ is identically equal to 1 on M.
3*b* The case of multiplicity v = l In this case, the fact that for hyper surf aces of H %+1 , the domain of f λ9 U, does not include those x 6 M where | X(x) | <Ξ 1, becomes quite significant. In fact, the conditions (a), (b), and (c) of Theorem 3.2 are equivalent on U, but not necessarily on all of M. Specifically, (a) and (b) are equivalent on M, and they imply (c). However, one can construct a surface M in £P such that the focal set fχ(M) is a curve, and yet not all the lines of curvature of M corresponding to λ are of constant curvature. This is done by beginning with a standard example K on which (a), (b), and (c) are satisfied and modifying K on the region where |λ| < 1, so as to destroy property (b), but introduce no new focal points and thus preserve (c). Unlike the case v > 1, one must use a different proof for the different ambient spaces. We first give a proof for the Euclidean case, then handle the others by stereographic projection.
Proof of Theorem 3.2 (Euclidean case):
(a) <==> (c). This follows immediately from Theorem 2.1 and the connectedness of the leaves of T λ .
(a) => (b). We will give an outline of the proof, leaving details to the reader. Assuming (a), let W be a coordinate patch of the form φ(U xV), where UczR, FciΓ" 1 such that each leaf of T λ is determined locally by {(u, v)\v = constant}.
We first assume that λ is a nonzero constant on each leaf which passes through W. By a proper choice of f, we may assume that λ > 0 on W. Using the fact that QQ* annihilates T λ and is injective on Tχ, we can factor In addition, the real function r = 1/λ is well-defined on V, and one can show that for x = φ (u, v) ,
for all ve T V V, and
Thus, for a particular value of v, f(x) lies on the circle determined by intersecting the sphere indicated in (3.3) with the 2-plane indicated in (3.2) . Hence each leaf lies locally on a circle. By the connectedness of the leaves, the whole leaf must lie on the same circle and thus be a plane curve of constant curvature.
Finally, if 7 is a leaf of T λ on which λ =Ξ 0, one can choose an inversion I of E n+ί such that 1 (7) is a line of curvature of I(M) on which the associated principal curvature is a nonzero constant. By the above argument, I(y) lies on a circle so that 7 itself lies on a circle or a straight line.
(b) => (a). This is easily shown using the Frenet equations for plane curves. Theorem 3, : (a) *=> (c) This follows as in the Euclidean case from Theorem 2.1, the fact that f λ is defined at each x e U, and from the connectedness of the leaves.
Proof of
(a) <=> (b). First one can easily show by explicit calculation that the leaves of T λ are plane curves of constant curvature in S* +1 , respectively, H n+ \ if and only if P embeds the leaves of T u as plane curves of constant curvature in E n+1 , respectively, D n+1 . Here P is stereographic projection from any pole q, and (see Proposition 1.2) μ = e -\X -<grad σ, ξ)) , for σ as defined in l.f, and for the appropriate choice of < , >. The proof of the theorem will thus follow from the equivalence of (a) and (b) in the Euclidean case, and from the following result. PROPOSITION 3.4 
Thus, using the fact that {x, ζ) = 0, one obtains, This case differs slightly from the v > 1 case. As in the v > 1 situation, the completeness of M implies that each leaf of T x is also complete with respect to the induced metric. This is sufficient to guarantee that each leaf in M λ is a covering space of the metric circle on which it lies (see, for example, [7, vol. I, p. 176] ). Since the circle is not simply connected, however, one cannot conclude that the leaf itself is compact, as in the v > 1 case. However, using the fact that each leaf is a covering of the circle on which it lies, one can produce a direct argument that M λ is Hausdorff, and we will omit the proof here. Thus, one obtains the following global version of Theorem 3.2. 3*c* Example of hypersurfaces whose focal sets are manifolds* There is a large class of hypersurfaces in S n+1 which have constant principal curvatures. These are the so-called isoparametric hypersurfaces which have been studied by Cartan [2] , Nomizu [10] Takahashi and Takagi [15] , Ozeki and Takeuchi [12] , and Munzner [9] . Nomizu [10] showed that each sheet of the focal set of such a hyersurface is a minimal submanifold of S 
